We report that many exact invariant solutions of the Navier-Stokes equations for both pipe and channel flows are well represented by just few modes of the model of McKeon & Sharma J. Fl. Mech. 658, 356 (2010). This model provides modes that act as a basis to decompose the velocity field, ordered by their amplitude of response to forcing arising from the interaction between scales. The model was originally derived from the Navier-Stokes equations to represent turbulent flows. This establishes a new link between the exact invariant solutions and the theory of turbulent flow and provides new evidence of the former's continuing organising importance in that regime.
The problem of finding simple predictive descriptions of turbulence has been with us since at least the time of Reynolds. Recently, two viewpoints have emerged that explain structure in turbulence in quite different ways: firstly, in terms of invariant solutions of the Navier-Stokes equations, which was originally used to explain the transition to turbulence; secondly, in terms of selective amplification or filtering of travelling waves. In this paper we show that the latter approach predicts the structure of these invariant solutions, providing a new and surprising link between the two distinct approaches and supporting the idea that these invariant solutions continue to be important in the turbulent regime.
The first viewpoint comes from treating the infinitedimensional Navier-Stokes equations that govern turbulence as a nonlinear dynamical system. The programme of work arising from this viewpoint has centred around finding invariant solutions of the Navier-Stokes equations that appear constant in a co-moving frame of reference [1] [2] [3] , and periodic orbits [4] [5] [6] . It is hoped that such exact solutions may eventually be used in a weighted expansion to compactly describe turbulent flows [7] .
These invariant solutions arise in pairs at finite amplitude via a saddle-node bifurcation at a particular Reynolds number. The so-called lower branch (L) solution of each pair denotes a state with lower drag than its corresponding upper branch (U) solution. These solutions are thought to underlie the structure of turbulence by concentrating state space trajectories in their vicinity. Although the dynamical systems description originally arose to describe transitional flows, it has been argued that such solutions are relevant to turbulent flow [8, 9] and recent experimental evidence supports the view that these solutions continue to be important in turbulent flows and are ultimately responsible for turbulent statistics [10] .
The second viewpoint is the model of McKeon & Sharma which arose from systems and control theory [11] [12] [13] . This approach treats turbulence as a superposition of travelling waves, which are damped or amplified according to their interaction with the mean flow. In this model, the interplay between this linear amplification and an energy-conserving nonlinear feedback mechanism gives turbulence its structure and robustness. By choosing the velocity fields which are ordered from the highest amplification to least, the model generates basis functions which can be used to decompose and represent turbulent structure and statistics in an efficient way [12] [13] [14] [15] . The resulting modes are travelling waves with phase and amplitude that varies spatially. Notably, this viewpoint is entirely in the frequency-domain; kinematic descriptions are abandoned in favour of a system-level selection of travelling waves. The origin of these basis functions has a clear physical interpretation. The mechanisms are high amplification at the critical layer, where the phase velocity equals the flow velocity; the lift-up mechanism, where the flow velocity fluctuations extract energy using the shear in the mean flow; and high amplification for modes with long streamwise wavelength.
The presence of only one phase velocity in the exact solutions used here greatly simplifies the problem of comparison to the model, in contrast to difficulties encountered in the turbulent case [16] , so the frequency-domain view of turbulence as a superposition of interacting travelling waves is well suited to the analysis of exact solutions.
Both the control theory viewpoint and the nonlinear dynamics solutions viewpoint bring different and important insights, so unifying these distinct approaches would be an important advance in our understanding of turbulence. In this letter, we show that the two viewpoints predict quantitatively similar structures and that the exact solutions are well represented by a relatively small number of model modes. This seems to support the idea that such solutions continue to be responsible for the structural organisation of turbulence at turbulent Reynolds numbers.
In the following, we project exact invariant solutions in pipe and channel flow onto basis functions (modes) generated by the model from the mean velocity profile of the solutions. We use the notation U B for the bulk velocity, R for the pipe radius, h for the channel halfheight, u τ for the friction velocity and ν for the kinematic viscosity.
The pipe solutions, presented first, were generated by continuation to Re B = 2U B R/ν = 5300 (Re τ = u τ h/ν = 106 − 214) from the solutions of [17] using openpipeflow.org. These solutions are classified into Nclass and S-class. The N-class solutions have mirror, shift-and-reflect and rotational symmetries, with wavy fast streaks and slow streaks arranged to interact with quasi-streamwise vortices. The S-class have only shiftand-reflect symmetry, but are otherwise similar in structure. Six S-class solutions and ten N-class solutions were used, of which four were upper branch and the rest lower branch. The N-class upper branch solutions have a friction factor close to that of turbulent flow, whereas the others are close to laminar flow.
The channel solutions, from families dubbed P1, P3 and P4, were generated using the code channelflow [18] . The P1 (at Re τ = 75) and P3 (at Re τ = 85) families are active in the core of the channel, and approach laminar as Reynolds number increases. There is as yet no widely accepted theory for the mechanism that drives these solutions. The P4 solutions (at Re τ = 85) are highly nonlinear with fluctuations localised near the critical layer. Their sustaining mechanism is well understood [9, 19] . The critical layer for these solutions varies spatially. The P1 and P3 lower branch solutions have been continued to higher Reynolds number. At much higher Reynolds number, the importance of the critical layer mechanism becomes clearer [19] [20] [21] .
The systems model from which the basis functions derive is formulated from the Navier-Stokes equations as follows. In the following, the three-component velocity field is denoted by U(x, t) and the long time-averaged velocity field is denoted by U 0 (x), with x being a point in the flow interior and t being time. The mean velocity U 0 and associated pressure p 0 are assumed known a priori. The fluctuations are then u = U − U 0 . The Navier-Stokes equations can be put in the form
The
where y is the wall-normal distance and theˆnotation indicates the appropriate complex Fourier coefficient. The object of the analysis is H α,β,c , which is known as the resolvent operator. The analysis then considers the singular value decomposition of H, This therefore results in modes particular to each exact solution onto which the solution may be projected. Only modes with the appropriate phase velocity need to be considered. To the extent that the modes and singular values correctly capture the relevant physics of the solution, only a small number of modes will be needed.
A set of exact solutions for channel and pipe geometries, broadly representative of all known lower and upper branch exact solutions with single c, were projected onto the modes given by the model.
The efficiency of all the projections of the pipe and channel solutions are shown in Figure 1 From the projections, we find that all the lower-branch pipe solutions, and one of the upper branch pipe solutions, are captured very well by one model mode per Fourier mode. We also find, in particular with the P4 channel solution, that the fluctuation energy is typically concentrated around the instantaneous critical layer, where the phase velocity equals the instantaneous velocity. This mechanism is known to be well captured by the model via the average critical layer [11, 12] . The extent to which the instantaneous critical layer deviates from the average critical layer depends on the solution in question.
The other two upper branch pipe solutions require more modes to achieve fidelity. The N4U upper branch solution is the worst represented solution investigated, with only 79% of the fluctuation energy captured by the first ten model modes per Fourier mode. We do not know why it is relatively so poorly captured, but recent projections of the turbulent attractor show that is rarely visited. It is also noticeable that its mean velocity profile looks entirely unlike that of either the turbulent or laminar flow.
We have shown that the velocity fluctuations in fully nonlinear exact invariant solutions can be predicted and efficiently represented by a model originally intended for turbulent flow. This is itself evidence that these invariant solutions continue to be important at turbulent Reynolds numbers. Moreover, it should be noted that the model formulation is equally suited to representing periodic orbits, which it has been argued are likely to be more important in the turbulent regime [22] .
The methodology studied will greatly help further development of the resolvent model of turbulence, by providing a simplified environment with a single phase velocity in which to study the nonlinear interactions between model modes.
Finally, we anticipate that low-order approximate coherent structures synthesised from the model will be used to provide seeds for the expensive computational search for new exact invariant solutions that are already close to those solutions. This should dramatically reduce the computational cost of such searches.
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